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ALGEBRAIC DERIVATIONS ON AFFINE DOMAINS
KAYO MASUDA AND MASAYOSHI MIYANISHI
To Professor R.V. Gurjar on his sixtieth birthday
Abstract. We define an algebraic derivation on an affine domain
B defined over an algebraically closed field k of characteristic 0,
which is called a locally finite derivation in [1], for example, and has
appeared in commutative and non-commutative contexts in other
references. We, without being aware of this existing definition
and related results, introduced the term of algebraic derivation by
extracting a property analogous to algebraic actions of algebraic
groups. The first section is devoted to the graded ring structure
which the algebraic derivation D defines on B in a natural fash-
ion. The graded ring structure is indexed by an abelian monoid
which is a submonoid of the additive group of the ground field
k. This structure is already observed in [4]. But our approach is
more computational and straightforward. If the monoid indexing
the graded ring structure of B is rather restricted (see Theorem
1.9 below), the derivation D is close to what is called an Euler
derivation mixed with a locally nilpotent derivation. We observe
this fact when B is a polynomial ring mostly in dimension two. In
fact, the results in section two give various characterization of a
polynomial ring k[x, y] in terms of algebraic derivations. The third
section gives a remark on singularities which can coexist with alge-
braic derivations. The results given in sections two and three are
new.
Introduction
Let G be an algebraic group defined over an algebraically closed
field k. If G acts on an affine algebraic variety X = Spec B, we say
that the action is algebraic if for every element b of B the k-vector
subspace
∑
g∈G(k) k ·
gb in the ring B generated by all translates gb with
g ∈ G(k) has finite dimension, where G(k) is the set of closed points of
G. Suppose that G is an affine algebraic group SpecR and the G-action
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is given by a k-morphism σ : G×X → X . Let σ∗ : B → R⊗B be the
coaction. For b ∈ B, write
σ∗(b) =
n∑
i=1
fi ⊗ bi, fi ∈ R, bi ∈ B.
Then gb =
∑n
i=1 πg(fi) · bi, where πg : R → k is the k-algebra homo-
morphism corresponding to a point g ∈ G(k). Then
∑
g∈G(k) k ·
gb is a
k-subspace of
∑n
i=1 k · bi, whence
∑
g∈G(k) k ·
gb has finite dimension.
Suppose that the ground field k has characteristic zero and G is the
additive group scheme Ga. Then a Ga-action on an affine algebraic
variety X = Spec B corresponds bijectively to a locally nilpotent k-
derivation δ on B. In this case the k-subspace
∑
g∈Ga(k)
k · gb coincides
with
∑
n≥0 k · δ
n(b), which has finite dimension because δn(b) = 0 for
n≫ 0. Note that if ξ is an element of the quotient field Q(B), the k-
vector space
∑
n≥0 k · δ
n(ξ) does not necessarily have finite dimension.
An example is a locally nilpotent derivation δ = ∂/∂x on a polynomial
ring B = k[x]. Taking 1/x as an element ξ, it follows that
∑
g∈Ga(k)
k ·
gξ =
∑
n≥0 k · x
−n, which is not of finite dimension.
We can extend the notion of algebraicity to regular vector fields on
an affine algebraic variety. Namely, let D be a k-derivation on an
affine domain B. We say that D is an algebraic derivation of B if for
every element b ∈ B, the k-vector subspace
∑
n≥0 k · D
n(b) has finite
dimension. A typical example of such an algebraic derivation which
is not locally nilpotent is the Euler derivation D =
∑n
i=1 xi
∂
∂xi
on a
polynomial ring B = k[x1, . . . , xn] and a composite of a derivation of
Euler type and a locally nilpotent derivation.
Our objective in this article is to show that an algebraic derivation
on an affine k-domain is something very close to the derivation of the
above type. Furthermore, we try to prove some structure theorems
on the affine domain provided B has an algebraic derivation. We first
show that an algebraic derivation D on an affine domain B gives a
graded ring structure on B (see Theorem 1.5). Then by making use
of the graded ring structure and various properties of the algebraic
derivations, we characterize polynomial rings of dimension two (see
Theorems 2.4, 2.5 and 2.6). In section three, it is shown that the
Euler derivation D = x ∂
∂x
+y ∂
∂y
on a polynomial ring k[x, y] induces an
algebraic derivation on k[x, y]G for every finite subgroup of GL(2, k).
For an integral domain B, the quotient field of B is denoted by
Q(B) and the multiplicative group consisting of invertible elements of
B by B∗. For a k-derivation D on a k-domain B, we denote by D˜ the
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extension of D to Q(B). We denote by KerD and Ker D˜ the kernels
of D and D˜ respectively, which are the subring of B and the subfield
of Q(B).
1. Algebraic derivations
Let k be an algebraically closed field of characteristic 0 and let B be
an affine domain over k. Examples of algebraic derivations on B are
(1) a locally nilpotent derivation,
(2) a derivation of Euler type on a polynomial ringB = k[x1, . . . , xn].
D = λ1x1
∂
∂x1
+ · · ·+ λnxn
∂
∂xn
, λ1, . . . , λn ∈ k
Our first purpose is to give a structure theorem of an affine domain
B with a non-trivial algebraic derivation D. Given a derivation D, we
consider a k-algebra homomorphism ϕD : B → B[[t]] defined by
ϕD(b) =
∑
n≥0
1
n!
Dn(b)tn for b ∈ B.
Note that the homomorphism ϕD can be defined for any linear map
D : B → B.
For λ ∈ k, let ∆λ = D − λ · 1B, where 1B signifies the identity
morphism of B. We often write ∆λ = D − λ.
Lemma 1.1. For every λ ∈ k, we have ϕD = e
λtϕ∆λ.
Proof. Set ∆ = ∆λ for simplicity. Then D = ∆+ λ · 1B. For b ∈ B,
we compute as follows:
ϕD(b) =
∑
n≥0
1
n!
(∆ + λ)n(b) tn
= b
(
1 + λt +
1
2!
λ2t2 + · · ·+
1
n!
λntn + · · ·
)
+∆(b)t
(
1 + λt+ · · ·+
1
(n− 1)!
λn−1tn−1 + · · ·
)
+ · · ·
+
1
m!
∆m(b)tm
(
1 + λt+ · · ·+
1
(n−m)!
λn−mtn−m + · · ·
)
+ · · ·
= eλt
{
b+∆(b)t +
1
2!
∆2(b)t2 + · · ·+
1
m!
∆m(b)tm + · · ·
}
= eλtϕ∆(b).

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For λ ∈ k, set
Bλ = {b ∈ B | (D − λ)
n(b) = 0 for some positive integer n}.
Then it is clear that b ∈ Bλ if and only if ϕ∆λ(b) ∈ B[t]. In particular,
B0 = {b ∈ B | ϕD(b) ∈ B[t]}.
By making an essential use of Lemma 1.1, we prove the following
lemmas.
Lemma 1.2. We have the following assertions.
(1) B0 is a k-subalgebra of B and D is locally nilpotent on B0.
(2) For any λ ∈ k, Bλ is a B0-module.
Proof. (1) The assertion follows from the fact that ϕD is a k-algebra
homomorphism.
(2) Let a ∈ B0 and b ∈ Bλ. Then
ϕD(ab) = ϕD(a)ϕD(b) = e
λtϕD(a)ϕ∆λ(b).
On the other hand, we have ϕD(ab) = e
λtϕ∆λ(ab). Hence it follows
that ϕ∆λ(ab) = ϕD(a)ϕ∆λ(b) ∈ B[t], which implies that ∆
n
λ(ab) = 0 for
some n > 0. 
Lemma 1.3. For λ, µ ∈ k, BλBµ ⊆ Bλ+µ.
Proof. Let b ∈ Bλ and c ∈ Bµ. Then
ϕD(bc) = ϕD(b)ϕD(c) = e
(λ+µ)tϕ∆λ(b)ϕ∆µ(c)
and
ϕD(bc) = e
(λ+µ)tϕ∆λ+µ(bc).
Hence ϕ∆λ+µ(bc) = ϕ∆λ(b)ϕ∆µ(c) ∈ B[t]. This implies that
(D − λ− µ)n(bc) = 0
for a sufficiently large n, and hence bc ∈ Bλ+µ. 
Lemma 1.4. If λ 6= µ, then Bλ ∩Bµ = 0.
Proof. Suppose that k is a subfield of the complex number field C .
Let b ∈ Bλ∩Bµ. Then ϕD(b) = e
λtϕ∆λ(b) = e
µtϕ∆µ(b). Hence we have
e(λ−µ)t =
ϕ∆µ(b)
ϕ∆λ(b)
,
where ϕ∆λ(b), ϕ∆µ(b) ∈ B[t]. Hence the function in t on the right
hand side is a rational function on C. Meanwhile, the function on
the left hand side is an entire function which does not have zeros and
poles. Hence it follows that ϕ∆µ(b) and ϕ∆λ(b) are constants, namely,
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(D−λ)(b) = 0 and (D−µ)(b) = 0. So, D(b) = λb = µb, which implies
b = 0.
We may assume that k is a subfield of C. Since B is finitely generated
over k, B is isomorphic to the residue ring k[x1, . . . , xn]/(f1, . . . , fm).
Let α1, . . . , αr be the coefficients appearing in polynomials f1, . . . , fm ∈
k[x1, . . . , xn], and let k0 be the field Q(α1, . . . , αr). Let
C = k0[x1, . . . , xn]/(f1, . . . , fm).
Then B = C ⊗k0 k. Adjoining to k0 the elements λ, µ and the coeffi-
cients of D(xi) for 1 ≤ i ≤ n when they are expressed in the forms of
polynomials in x1, . . . , xn, where xi is the residue class of xi in B, we
may assume that ϕ∆λ(b) and ϕ∆µ(b) are polynomials in t with coeffi-
cients in k0. Since k0 is finitely generated over Q, we may embed k0
into C and replace k by the algebraic closure of the embedded k0 in C.
Thus we may assume that k ⊆ C. 
For an element b ∈ Bµ, we define the µ-height of b as the non-negative
integer r such that (D − µ)r(b) 6= 0 and (D − µ)r+1(b) = 0. Note that
µ-height is defined only for elements of Bµ. The first structure theorem
on an affine domain with an algebraic derivation is stated as follows.
Theorem 1.5. Let D be an algebraic derivation on an affine domain
B. Then B =
⊕
λ∈k Bλ, which is a graded ring over B0. Furthermore,
D(Bλ) ⊆ Bλ.
Proof. Let b ∈ B. Then the vector space V =
∑
n≥0 kD
n(b) has
finite dimension. We may choose an integer n > 0 so that
{b,D(b), D2(b), . . . , Dn−1(b)}
is a k-basis of V and Dn(b) is expressed by a linear combination of
b,D(b), . . . , Dn−1(b). Then D is a k-linear endomorphism on V and
V decomposes into a direct sum V = ⊕λVλ where Vλ = {v ∈ V |
(D − λ)n(v) = 0, n ≫ 0}. Since Vλ ⊆ Bλ, it follows that b ∈
⊕
λBλ.
The previous lemmas show that B =
⊕
λBλ is a graded ring over
B0. As for the second assertion, let b ∈ Bλ. Let r be the λ-height
of b. If r = 0, then D(b) = λb ∈ Bλ. Suppose that r > 0. Since
(D − λ)r+1(b) = 0, the element (D − λ)(b) ∈ Bλ and the λ-height of
(D − λ)(b) is r − 1. By induction, we may assume (D − λ)(b) ∈ Bλ.
Then D(b) = λb+ (D − λ)(b) ∈ Bλ. So, D(Bλ) ⊆ Bλ. 
We look into the properties of the subring B0.
Lemma 1.6. Let D be an algebraic derivation on a normal affine do-
main B. Then B0 is integrally closed.
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Proof. Suppose that ξ ∈ Q(B0) is integral over B0. Then it follows
that ξ ∈ B since B is normal. The element ξ ∈ B satisfies
ξn + α1ξ
n−1 + · · ·+ αn = 0,
where each αi is an element of B0. Hence it follows that
ϕD(ξ)
n + ϕD(α1)ϕD(ξ)
n−1 + · · ·+ ϕD(αn) = 0.
So, ϕD(ξ) is integral over k[ϕD(α1), . . . , ϕD(αn)] ⊂ B[t]. Since B[t] is
integrally closed and ϕD(ξ) ∈ Q(B[t]), it follows that ϕD(ξ) ∈ B[t].
Hence ξ ∈ B0. 
We observe the following two examples. One deals with the Euler
derivation and the other does a composite of the Euler derivation and
a locally nilpotent derivation.
Example 1.7. Let B = k[x1, . . . , xn] be a polynomial ring in n vari-
ables and let D =
∑n
i=1 xi
∂
∂xi
be the Euler derivation on B. Then D is
algebraic and B =
⊕
d≥0Bd, where Bd is the k-vector space spanned by
monomials xm11 · · ·x
mn
n of total degree d. In particular, B0 = k. Mean-
while, KerD˜ is k
(
x2
x1
, . . . , xn
x1
)
which has transcendence degree n−1 over
k. 
Example 1.8. Let B = k[x, y] and let D = x ∂
∂x
+ ∂
∂y
. For non-negative
integers m and n, we have
D(xnym) = nxnym +mxnym−1. (1)
Hence for any non-negative integer r, we have Dr(xnym) ∈ k · xnym +
k · xnym−1 + · · ·+ kxn. Thus it follows that the derivation D on B is
algebraic. By (1), we have (D − n)(xnym) = mxnym−1 and
(D − n)m+1(xnym) = 0.
Hence if f(y) ∈ k[y] with deg f(y) = m, then
(D − n)m+1(xnf(y)) = 0
and xnf(y) ∈ Bn. Since any element b ∈ B is written as b = f0(y) +
xf1(y) + · · ·+ x
nfn(y) where fi(y) ∈ k[y] for 1 ≤ i ≤ n, it follows that
B =
⊕
n∈Z≥0
Bn and Bn = x
nk[y]. The ring B is graded by the monoid
Z≥0 of non-negative integers. 
Let D be an algebraic derivation on a normal affine domain B over
k. Let Λ = {λ ∈ k | Bλ 6= 0}, which is a monoid under the addition
of (k,+), and let M be the abelian subgroup of (k,+) generated by Λ.
We call Λ (resp. M) the monoid (resp. abelian group) associated to D.
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Theorem 1.9. Under the notation and assumption as above, suppose
that M is a totally ordered abelian group with ordering < in the sense
that λ ≥ 0 for every λ ∈ Λ and if λ < µ then λ + ν < µ + ν for any
ν ∈M . 1 Then the following assertions hold.
(1) Q(B0) ∩ B = B0.
(2) Q(B0) is algebraically closed in Q(B). If B0 $ B, then we have
trans.degkQ(B0) < trans.degkQ(B).
(3) B0 is factorially closed in B. Hence if B is factorial, then so is
B0.
(4) Suppose that B is a polynomial ring of dim ≤ 3. Then B0 is
either a polynomial ring or k.
Proof. (1) Suppose that b ∈ Q(B0)∩B. Then b is written as a0b = a1
with a0, a1 ∈ B0. By Theorem 1.5, b = bλ1 + · · ·+ bλn with bλi ∈ Bλi
for 1 ≤ i ≤ n. Since a0b = a0bλ1 + · · · + a0bλn = a1, it follows that
λi = 0 for some i and b = bλi ∈ B0.
(2) Suppose that ξ ∈ Q(B) is algebraic over Q(B0). Then there
exists a0 ∈ B0 such that a0ξ is integral over B0. Since B0 ⊂ B and B
is integrally closed by assumption, a0ξ ∈ B. The element a0ξ satisfies
(a0ξ)
n + c1(a0ξ)
n−1 + · · ·+ cn = 0 (2)
where ci ∈ B0 for 1 ≤ i ≤ n. Write
a0ξ = bλ1 + · · ·+ bλm , bλ1 6= 0, bλm 6= 0, λ1 < · · · < λm.
If λm > 0, then the term b
n
λm
, which has the highest order, cannot
be cancelled by the other terms in the equation (2). Hence λm ≤ 0.
Similarly, λ1 ≥ 0. So, a0ξ ∈ B0 and ξ ∈ Q(B0). Suppose that B0 $ B.
Then there exists an element b ∈ Bλ with λ 6= 0. Then b is algebraically
independent over Q(B0). For otherwise, b is algebraic over Q(B0) and
hence b ∈ Q(B0). Then b ∈ Q(B0) ∩ B = B0, which contradicts the
choice of b.
(3) Suppose that a = b1b2 ∈ B0 with non-zero b1, b2 ∈ B. Write
b1 = bλ1 + · · · + bλr and b2 = bµ1 + · · · + bµs where bλi ∈ Bλi and
bµj ∈ Bµj with λ1 < · · · < λr and µ1 < · · · < µs. We may assume that
bλ1bλrbµ1bµs 6= 0. Then the highest term of b1b2 is bλrbµs and the lowest
is bλ1bµ1 . Hence bλrbµs = bλ1bµ1 = a and so, b1 = bλ1 and b2 = bµ1 .
Since λ1 ≥ 0, µ1 ≥ 0 and λ1 + µ1 = 0, it follows that b1, b2 ∈ B0 and
B0 is factorially closed in B.
(4) We may assume thatB0 $ B andB0 6= k. Then trans.degkQ(B0)
< trans.degkQ(B) ≤ 3. Since dimB ≤ 3, it follows by the assertion (1)
1The condition that if λ < µ then λ+ ν < µ+ ν for any ν ∈M follows from that
M is a finitely generated subgroup of the additive group k.
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and a result of Zariski [9] that B0 is an affine domain. Let X = SpecB
and Y = Spec B0. Then the inclusion B0 →֒ B induces a dominant
morphism p : X → Y . Since B is factorial and B∗ = k∗, B0 is factorial
by the assertion (3) and B∗0 = k
∗. If dimB0 = 1, then B0 is a polyno-
mial ring. Suppose that dimB0 = 2. Then p is equi-dimensional over
p(X). In fact, suppose that there is an irreducible fiber component of
dimension 2 in p. Then there exists a prime element b ∈ B such that
bB ∩ B0 = m is a maximal ideal. Then bb1 = a ∈ B0. Since B0 is
factorially closed in B, it follows that b ∈ B0. Hence bB ∩ B0 = bB0,
which is a contradiction. Then it follows that Y is isomorphic to A2
or a Platonic fiber space A2/G (see [5, Theorem 3]). If G is nontrivial,
p splits to X → A2 → A2/G = Y . In fact, Y has a unique singu-
lar point, say P and the smooth locus Y ◦ has the universal covering
A2 \ {O}, where O is the point of origin. Since p−1(P ) is either empty
or of dimension one, A3 \ p−1(O) is simply connected. Hence the fiber
product
Z = (A3 \ p−1(P ))×Y ◦ (A2 \ {O})
splits into a disjoint union of copies of A3\p−1(P ). Then the restriction
of the second projection p2 : Z → A2 \ {O} to a connected component
of Z provides the above splitting of p. This contradicts the fact that
Q(B0) is algebraically closed in Q(B). 
Example 1.10. Let B = k[x, y] and
D = xn−1yn(x
∂
∂x
− y
∂
∂y
) (n ≥ 1).
We have by computation
D(x) = xnyn, D2(x) = 0 and
Dk(y) = (−1)kk!xk(n−1)ykn+1 (k ≥ 1)
Thus
∑∞
j=0 k ·D
j(y) is infinite-dimensional, and D is not algebraic.
Next, compute Dℓ(xiyj). For 0 ≤ i < j, we have
Dℓ(xiyj) = (i− j)(i− j − 1) · · · (i− j − ℓ+ 1)xi+ℓ(n−1)yj+ℓn.
For i = j, we have D(xiyi) = 0. For i > j, it follows that xiyj =
xi−j(xy)j ∈ B0. Hence B0 = k[x, xy]. Therefore, we have Q(B0) =
Q(B) and
Q(B0) ∩ B = Q(B) ∩ B = B % B0.
If we write z = xy, then B0 = k[x, z] and D|B0 = z
n ∂
∂x
. 
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We can raise the following natural question.
Question. Let B be an affine domain over k with an algebraic deriva-
tion D. Is B0 finitely generated over k?
When D is locally nilpotent, it is clear that B0 = B is finitely gener-
ated. So, we are interested in the case that D is not a locally nilpotent
derivation. If the monoid Λ is Z≥0, then B0 is an affine domain and
every Bµ is a finitely generated B0-module.
An element λ of the monoid Λ is said to be primitive if λ = µ + ν
with µ, ν ∈ Λ then either µ = 0 or ν = 0.
Lemma 1.11. Let λ be a primitive element of the associated monoid
Λ and let ξ be an element of Bλ such that (D − λ)(ξ) = 0. Suppose
that the associated abelian group M is totally ordered, B is a factorial
domain with B∗ = k∗ and KerD = k. Then ξ is irreducible in B.
Proof. Suppose that ξ is reducible. Write ξ = b1b2 with b1, b2 ∈ B
and gcd(b1, b2) = 1. Since ξ is a homogeneous element, both b1 and
b2 are homogeneous. Since λ is primitive in Λ, we may assume that
b1 ∈ B0 and b2 ∈ Bλ. Since (D − λ)(b1b2) = 0, we have
b1(D(b2)− λb2) = −b2D(b1).
Since gcd(b1, b2) = 1, D(b1) is divisible by b1. By Theorem 1.9, B0 is
a factorial affine domain over k. Since D(B0) ⊆ B0 and D is locally
nilpotent on B0, it follows that b1 ∈ Ker D = k (see [2]). This is a
contradiction. 
2. Algebraic derivations on k[x, y]
Let B be an affine domain with an algebraic derivation D. Then
D extends uniquely to a derivation D˜ on K = Q(B). In the present
section, we intend to characterize a two-dimensional polynomial ring
k[x, y] and algebraic derivations on k[x, y] in terms of the subring B0
and the associated monoid Λ, though our results are partial. We begin
with the following result.
Lemma 2.1. Let R be an affine domain of dimension one defined over
a field K0 of characteristic zero which is not necessarily algebraically
closed. Assume that K0 is algebraically closed in Q(R) and that R is a
graded ring R =
⊕
n≥0Rn with R0 = K0. Then the following assertions
hold.
(1) R is a polynomial ring K0[ξ] such that Rn = K0ξ
n for every
n ≥ 0.
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(2) Suppose that the graded ring structure on R is given by an al-
gebraic K0-derivation D and the associated monoid Λ is Z≥0λ
for some λ ∈ Λ. Then for every µ ∈ Λ, we have
Rµ = {η ∈ R | (D − µ)(η) = 0}.
Proof. (1) Let ξ be a nonzero element of R1 and let A = K0[ξ].
Then ξ is algebraically independent over K0 and hence A is a graded
subalgebra of dimension one in R. Since dimR = 1, the field extension
Q(R) ⊃ Q(A) is algebraic. Let η ∈ Rn. Then there exist elements
f0(ξ), f1(ξ), . . . , fr(ξ) ∈ A with gcd(f0(ξ), . . . , fr(ξ)) = 1 such that
f0(ξ)η
r + f1(ξ)η
r−1 + · · ·+ fr(ξ) = 0 (3)
yields a minimal equation of η over Q(A). Write
f0(ξ) = ξ
m + (terms of lower degree in ξ).
Consider the homogeneous part of degree (m+ rn) in the equation (3)
and obtain
ξmηr + c1ξ
m+nηr−1 + · · ·+ crξ
m+nr = 0, c1, . . . , cr ∈ K0.
Hence we have
ηr + c1ξ
nηr−1 + · · ·+ crξ
nr = 0. (4)
By the minimality of the equation (3) over Q(A), the equation (3)
coincides with the equation (4) up to K∗0 . Hence m = 0 and the
equation (3) is written as
ηr + c1ξ
nηr−1 + · · ·+ crξ
nr = 0. (5)
The equation (5) yields an algebraic equation(
η
ξn
)r
+ c1
(
η
ξn
)r−1
+ · · ·+ cr = 0.
Since η
ξn
is an element of Q(R) and K0 is algebraically closed in Q(R),
it follows that η
ξn
is an element of K0. This implies that η ∈ K0ξ
n, and
hence R = A.
(2) Note that λ is a minimal element of Λ other than 0. Let ξ be a
nonzero element of Rλ such that D(ξ) = λξ. Then R is a polynomial
ring K0[ξ] by the assertion (1). Let µ ∈ Λ and write µ = nλ. Then
every element η of Rµ is of the form cξ
n with c ∈ K0. Hence we
compute
D(η) = D(cξn) = cnξn−1D(ξ) = cnλξn = (nλ)η = µη.
Thence follows the assertion (2). 
The following result determines an algebraic derivation on B = k[x].
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Proposition 2.2. Let B = k[x] be a polynomial ring of dimension
one and let D be a nontrivial algebraic derivation on B. Then, after a
suitable change of variable, either D = c d
dx
or D = cx d
dx
, where c ∈ k∗.
Proof. If B = B0 then D is locally nilpotent, and D = c
d
dx
with
c ∈ k∗. Suppose that B 6= B0. Let ξ ∈ B\B0 such that D(ξ) = λξ with
λ ∈ k∗, and write ξ = f(x) ∈ k[x]. Then we have D(ξ) = f ′(x)D(x) =
λf(x). Since deg f(x) > 0, it follows that D(x) is a linear polynomial
in x. Write D(x) = cx + d with c 6= 0. Then D(cx + d) = c(cx + d).
By replacing x with cx + d, we may assume that D(x) = cx with
c ∈ k∗. Then B =
⊕
n≥0Bn with Bn = kx
n is the homogenoeous
decomposition of B with respect to D. Hence D = cx d
dx
. 
In the case dimB = 2, if we assume that the monoid Λ associated to
an algebraic derivation D is isomorphic to Z≥0, we have the following
result.
Theorem 2.3. Let B be an affine domain of dimension two. Then
B is isomorphic to k[x, y] if and only if the following conditions are
satisfied.
(1) B is a factorial domain with B∗ = k∗.
(2) B has a nontrivial algebraic k-derivationD such that the abelian
group M generated by the associated monoid Λ is a totally or-
dered abelian group, dimB0 ≥ 1 and Λ is isomorphic to Z≥0
provided dimB0 = 1.
Proof. Since the “only if” part is easy, we prove only the “if” part.
If dimB0 = 2 then B = B0. In fact, if B % B0, take any element
ξ ∈ B\B0. Then ξ is algebraic over Q(B0). Since Q(B0) is algebraically
closed in Q(B) and Q(B0) ∩ B = B0 by Theorem 1.9, it follows that
ξ ∈ B0, a contradiction. Hence B = B0. Then D is locally nilpotent on
B. By an algebraic characterization of k[x, y], B is a polynomial ring
k[x, y] [7, Theorem 2.2.1]. Suppose that dimB0 = 1. Then B0 is an
affine domain of dimension one such that B0 is factorial and B
∗
0 = k
∗.
Hence B0 = k[x]. By the assumption, B =
⊕
n≥0Bnλ. LetK0 = Q(B0)
and R = B ⊗B0 K0. Then R is an affine domain of dimension one over
K0 which has the graded ring structure R =
⊕
n≥0Rn with R0 = K0,
where Rn = Bnλ⊗B0 K0. By Lemma 2.1, R is a polynomial ring K0[ξ].
Hence the affine surface Spec B has an A1-fibration [3], and B is a
polynomial ring in two variables by the algebraic characterization of
k[x, y] [7]. 
Under some additional conditions, we can further determine an al-
gebraic derivation.
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Theorem 2.4. Let B be an affine domain of dimension two with an
algebraic derivation D. Then B = k[x, y] with
D =
∂
∂x
+ λy
∂
∂y
for λ ∈ k∗ if and only if the following conditions are satisfied.
(1) B is factorial and B∗ = k∗.
(2) Ker D˜ = KerD = k and B0 6= k.
(3) The monoid Λ associated to D is the set Z≥0λ of non-negative
multiples of λ ∈ k∗.
Proof. “Only if” part. Suppose that B = k[x, y] and D = ∂
∂x
+λy ∂
∂y
.
Then we can compute for every ℓ ≥ 1
Dℓ(xmyn) = nℓλℓxmyn +
∑
0≤r<m
crx
ryn, cr ∈ k.
Hence xmyn ∈ B0 if and only if n = 0. This implies that B0 = k[x].
Further, Bµ 6= 0 if and only if µ ∈ Z≥0λ and Bnλ = B0yn for a positive
integer n. In order to find elements in KerD˜, write an element ξ ∈ Q(B)
as ξ = f
g
with f, g ∈ k[x, y] and gcd(f, g) = 1. Then D˜(ξ) = 0 implies
f | D(f) and g | D(g). Write f = a0 + a1y + · · · + amy
m with the
ai ∈ k[x]. Then it is straightforward to show that f | D(f) only if f is
a monomial in y with coefficients in k. Similarly, g is a monomial in y.
Then D˜(ξ) = 0 if and only if ξ ∈ k. The rest of the assertion is easy
to show.
“If” part. By Theorem 2.3, B is a polynomial ring k[x, y]. If B = B0,
then D is locally nilpotent and D = f(y) ∂
∂x
for a suitable choice of
coordinates. It then follows that KerD 6= k, which is a contradiction.
Hence B 6= B0 and dimB0 = 1 by Theorem 1.9. Since B0 is a factorial
affine domain of dimension one with B∗0 = k
∗, B0 is a polynomial ring
and we may put B0 = k[x]. We may also assume that D(x) = 1. For
every µ ∈ Λ, there exists ξµ ∈ Bµ such that D(ξµ) = µξµ. In fact,
take a nonzero element z ∈ Bµ and let r be the µ-height of z. Let
ξµ = (D − µ)
rz. Then ξµ ∈ Bµ satisfies D(ξµ) = µξµ. We claim that
for every µ ∈ Λ
Bµ = B0ξµ.
Take any η ∈ Bµ. If (D−µ)η = 0, then D˜
(
η
ξµ
)
= 0. Hence η
ξµ
∈ KerD˜ =
k and η = cξµ with c ∈ k. We can show the claim by induction on
the µ-height r of η. Then (D − µ)rη 6= 0 and (D − µ)r+1η = 0. By
the induction hypothesis, there exists a polynomial f(x) ∈ k[x] such
ALGEBRAIC DERIVATIONS ON AFFINE DOMAINS 13
that (D − µ)η = f(x)ξµ. Let F (x) ∈ k[x] be a polynomial such that
F ′(x) = f(x). Then
(D − µ)(F (x)ξµ) = F
′(x)ξµ + F (x)D(ξµ)− µF (x)ξµ = f(x)ξµ.
Hence it follows that (D − µ)(η − F (x)ξµ) = 0, and η − F (x)ξµ = cξµ
for c ∈ k. Thus the claim is verified. We can also verify by induction
that deg f(x) is the µ-height of η when we write η = f(x)ξµ.
Since Λ = Z≥0λ by the hypothesis, it follows that Bµ = B0ξnλ if
µ = λn. Hence B = k[x, ξλ] and D is written as D =
∂
∂x
+ λy ∂
∂y
with
y = ξλ. 
The following result differs from Theorem 2.4 only in the condition
(2).
Theorem 2.5. Let B be an affine domain of dimension two with a
nontrivial algebraic derivation D. Then B = k[x, y] with D = λy ∂
∂y
and λ ∈ k∗ if and only if the following conditions are satisfied.
(1) B is factorial and B∗ = k∗.
(2) Ker D˜ = Q(KerD) % k.
(3) The monoid Λ associated with D is Z≥0λ with λ ∈ k∗.
Proof. “Only if” part. Clearly, Ker D = k[x] = B0 and B =⊕
n≥0B0y
n with Ker D˜ = k(x) and Λ = Z≥0λ.
“If” part. By the conditions (2) and (3), we have the inclusions
k $ KerD ⊆ B0 $ B.
Hence dimKerD = dimB0 = 1. Then every element of B0 is algebraic
over KerD. Since D is locally nilpotent over B0, it follows that KerD =
B0 ([2]). By Theorem 1.9, B0 = k[x]. Note that λ is a minimal element
of Λ which is nonzero and Λ = Z≥0λ. Let ξ be an element of Bλ such
that (D − λ)ξ = 0. By dividing ξ by elements of k[x], we may assume
that ξ is not divisible by any element of k[x] \ k. Let η ∈ Bµ where
µ = nλ. Suppose that (D − λ)η = 0. Then D˜
(
η
ξn
)
= 0. Hence
η
ξn
∈ Q(B0) and thus we find f(x), g(x) ∈ B0 such that f(x)η = g(x)ξ
n
and gcd(f(x), g(x)) = 1. Since B is factorial and ξ is not divisible by
any element of k[x] \ k, it follows that f(x) ∈ k and η ∈ B0ξ
n.
We shall show that Bµ = {η ∈ B | (D−µ)(η) = 0}. Let K0 = Q(B0)
and R = B ⊗B0 K0. By Theorem 1.9, Q(B0) is algebraically closed in
Q(R). Then R is an affine domain of dimension one over K0 and D
extends to aK0-trivial algebraic derivation on R because D(x) = 0. We
may assume that B ⊂ R. Let η ∈ Bµ. Then η ∈ Rµ and (D−µ)(η) = 0
by Lemma 2.1.
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Now we have proved that Rµ = B0ξ
n. Hence B = k[x, ξ] and D(ξ) =
λξ. So, it suffices to take y = ξ. 
We consider a characterization of an algebraic derivation of Euler
type on a polynomial ring k[x1, . . . , xr]. Let D be an algebraic deriva-
tion on an affine domain B. Let λ1, . . . , λr be elements of k. We say
that λ1, . . . , λr are numerically independent if n1λ1 + · · · + nrλr = 0
with the ni ∈ Z implies n1 = · · · = nr = 0. The monoid Λ of D is said
to be a free monoid of rank r if there exists numerically independent
elements λ1, . . . , λr of k such that Λ =
∑r
i=1 Z≥0λi. Then the abelian
group M generated by Λ is a free abelian group
⊕r
i=1 Zλi of rank r.
Define a lexicographic order in M by setting
m1λ1 + · · ·+mrλr < n1λ1 + · · ·+ nrλr
if there exists 1 ≤ ℓ ≤ r such that mi = ni for 1 ≤ i < ℓ and mℓ < nℓ.
ThenM is a totally ordered abelian group with the lexicographic order.
Theorem 2.6. Let B be an affine domain of dimension r with a
nontrivial algebraic derivation D. Then B = k[x1, . . . , xr] and D =∑r
i=1 λixi
∂
∂xi
with numerically independent elements λ1, . . . , λr ∈ k if
and only if the following conditions are satisfied.
(1) B is factorial and B∗ = k∗.
(2) KerD = k.
(3) The monoid Λ is a free monoid of rank r.
Proof. The “only if ” part is clear with an algebraic derivation D =∑r
i=1 λixi
∂
∂xi
, where λ1, . . . , λr are numerically independent. The monoid
Λ is then generated by λ1, . . . , λr over Z≥0 and Bλ = kx
m1
1 · · ·x
mr
r if
λ = m1λ1 + · · ·+mrλr.
We shall prove the “if ” part. By the condition (3), the monoid
is written as Λ =
∑r
i=1 λiZ≥0 with numerically independent elements
λ1, . . . , λr of k. For 1 ≤ i ≤ r, choose elements ξi ∈ Bλi such that
(D − λi)(ξi) = 0. Since λi is primitive in Λ and the condition (2) is
assumed, ξ1, . . . , ξr are irreducible elements in B by Lemma 1.11. We
claim that ξ1, . . . , ξr are algebraically independent over k. In fact, let∑
i1,...,ir
ci1···irξ
i1
1 · · · ξ
ir
r = 0, ci1···ir ∈ k
be an algebraic relation of ξ1, . . . , ξr over k. Note that
ξi11 · · · ξ
ir
r ∈ Bi1λ1+···+irλr
and i1λ1 + · · ·+ irλr 6= j1λ1 + · · · + jrλr in Λ whenever (i1, . . . , ir) 6=
(j1, . . . , jr). Since B =
⊕
λ∈ΛBλ, it follows that
ci1···ir = 0 for ∀ (i1, . . . , ir).
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Let A = k[ξ1, . . . , ξr]. Then A is a graded subalgebra of B of dimension
r. Hence Q(B) is algebraic over Q(A). Let η be a homogeneous element
of Bµ. Then there exist elements a0(ξ), . . . , as(ξ) of A such that
a0(ξ)η
s + a1(ξ)η
s−1 + · · ·+ as(ξ) = 0. (6)
We may assume that this gives a minimal equation of η over Q(A) and
gcd(a0, . . . , as) = 1. We can write
a0(ξ) = ξ
m1
1 · · · ξ
mr
r + (lower terms in ξ with the lexicographic order).
Write µ = α1λ1 + · · ·+ αrλr with α1, . . . , αr ∈ Z≥0. As in the proof of
Lemma 2.1, the homogeneous part of degree
m1λ1 + · · ·+mrλr + µs = (m1 + α1s)λ1 + · · ·+ (mr + αrs)λr
in the equation (6) yields
ξmηs + c1ξ
m+αηs−1 + · · ·+ csξ
m+sα = 0, (7)
where c1, . . . , cs ∈ k and ξ
m+iα = ξm1+iα11 · · · ξ
mr+iαr
r for 0 ≤ i ≤ s.
Hence m1 = · · · = mr = 0 and the equation (7) yields an equation(
η
ξα
)s
+ c1
(
η
ξα
)s−1
+ · · ·+ cs = 0. (8)
Since k is algebraically closed and the equation (8) is a minimal equa-
tion, we have η = cξα11 · · · ξ
αr
r with c ∈ k. Hence B = A = k[ξ1, · · · , ξr].
Let xi = ξi for 1 ≤ i ≤ r. Then D is written as
D = λ1x1
∂
∂x1
+ · · ·+ λrxr
∂
∂xr
.

If λ1, . . . , λr are not numerically independent, we are ignorant of any
characterization theorem corresponding to Theorem 2.6.
3. Algebraic derivations and singularities
Let B be a normal affine domain of dimension two. If D is a non-
trivial locally nilpotent k-derivation on B, then Spec B has at most
cyclic quotient singular points [6]. In the case of algebraic derivations,
worse singularities can coexist as shown in the following result.
Theorem 3.1. Let G be a finite group acting on the k-vector space
kx1 + · · ·+ kxr linearly. Let B be a polynomial ring k[x1, . . . , xr] and
let A = BG the ring of G-invariants. Let D =
∑r
i=1 xi
∂
∂xi
be the Euler
derivation. Then D induces a nontrivial algebraic derivation DA on A.
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Proof. Note that B is a graded ring with grading deg xi = 1 for
1 ≤ i ≤ r. Since G acts linearly on kx1 + · · · + kxr, A is a graded
subalgebra. Namely, A =
⊕
n≥0An, where An = A ∩ Bn with Bn the
set of homogeneous polynomials of degree n. It is then straightforward
to see that D(f) = nf for every f ∈ An. Hence D induces a k-
derivation DA on A. Since D is algebraic, so is DA. 
When r = 2, the Euler derivation in Theorem 3.1 induces an alge-
braic derivation on k[x, y]G, where G is a finite subgroup of GL(2, k).
However, we do not know the type of singularity which can coexist
with algebraic derivations treated in Theorems 2.4 and 2.5.
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